Abstract. Using p-adic local Langlands correspondence for GL 2 (Q 2 ) and an ordinary R = T theorem, we prove that the support of patched modules for quaternionic forms meet every irreducible component of the potentially semi-stable deformation ring. This gives a new proof of the Breuil-Mézard conjecture for 2-dimensional representations of the absolute Galois group of Q 2 , which is new in the case r a twist of an extension of the trivial character by itself. As a consequence, a local restriction in the proof of Fontaine-Mazur conjecture in [Paš16] is removed.
Introduction
Let p be a prime number, and let f be a normalized cuspidal eigenfrom of weight k ≥ 2 and level N ≥ 1. There exists a Galois representation
attached to f by Deligne, where O is a ring of integers of a finite extension E of Q p . Due to the work of many people, the representation is known to be irreducible, odd (i.e. det ρ f (c) = −1 with c the complex conjugation), unramified at primes l ∤ pN , and de Rham (in the sense of Fontaine) at p with Hodge-Tate weights (0, k − 1).
In [FM95] Fontaine and Mazur made a conjecture which asserts the converse:
Conjecture (Fontaine-Mazur). Let
be a continuous, irreducible representation such that
• ρ is odd, • ρ is unramified outside all but finitely many places, • the restriction of ρ at the decomposition group at p is de Rham with distinct Hodge-Tate weights.
Then (up to a twist) ρ ∼ = ρ f for some cuspidal eigenform f .
We will say that ρ is modular if it is isomorphic to a twist of ρ f by a character. Similarly, we will say that ρ : Gal(Q/Q) → GL 2 (k) is modular if ρ ∼ = ρ f up to a twist, where k is the residue field of O and ρ is obtained by reducing the matrix entries of ρ f modulo the maximal ideal of O. This conjecture has been proved in several cases under different assumptions, e.g. [Eme06b, Eme11] . We will only focus on those related to the groundbreaking work of Kisin in [Kis09a] .
Theorem (Kisin, Paškūnas, Hu-Tan, Tung). Let ρ be as in the conjecture. Let ρ : Gal(Q/Q) → GL 2 (k) be the reduction of ρ modulo the maximal ideal of O. Assume furthermore that
• ρ| Gal(Q p /Qp) has distinct Hodge-Tate weights.
• ρ is modular.
• ρ has non-solvable image if p = 2; ρ| Gal(Q(ζp)/Q) is absolutely irreducible if p > 2.
• if p = 2, then ρ| Gal(Q p /Qp) ∼ ( Then ρ is modular. ωχ * 0 χ ). In [Tun18] , the author gives another proof of this theorem when p > 2. Instead of proving µ Aut ≥ µ Gal (or the Breuil-Mézard conjecture), we proveR ∞ [1/p] ∼ = T ∞ [1/p] directly for automorphic forms on definite unitary groups directly. As a result, the Breuil-Mézard conjecture for 2-dimensional Galois representations of Gal(Q p /Q p ) follows by a similar equivalence in this setting due to [EG14] , which is new in the cases that p = 3 and r is a twist of the 1 by ω. As a result, the theorem is proved.
In this paper, we follow the strategy in [Tun18] to remove the restriction on ρ| Gal(Q p /Qp) when p = 2. Here is our result:
Theorem A. Assume p = 2. Let ρ be as in the conjecture. Let ρ : Gal(Q/Q) → GL 2 (k) be the reduction of ρ modulo the maximal ideal of O. Assume furthermore that
• ρ has non-solvable image.
Then ρ is modular.
Indeed we prove the theorem in a more general context, i.e. F is a totally real field in which p splits completely and ρ : Gal(F /F ) → GL 2 (O) (see theorem 8.0.3 for the precise statement). We explain our method in more detail below.
Let p = 2, G Qp = Gal(Q p /Q p ) be the absolutely Galois group of the field of p-adic number Q p and r : G Qp → GL 2 (k) be a continuous representation. We denote the fixed determinant universal framed deformation ring of r by R p . It can be shown that r is isomorphic to the restriction to a decomposition group at p of a mod p Galois representation ρ associated to an algebraic modular form on some definite quaternion algebra. By applying the Taylor-Wiles-Kisin patching method in [CEG + 16] to algebraic modular forms on a definite quaternion algebra, we construct an R ∞ -module M ∞ equipped with a commuting action of GL 2 (Q p ), where R ∞ is a complete local noetherian R p -algebra with residue field k. For simplicity, one may think of R ∞ as R p x 1 , · · · , x m . In particular, there is no local deformation condition at place p.
If y ∈ m-Spec R ∞ [1/p], then Π y := Hom cont O (M ∞ ⊗ R∞,y E y , E) is an admissible unitary E-Banach space representation of G, where m-Spec(R ∞ [1/p]) is the set of maximal ideals of R ∞ [1/p] and E y is the residue field at y. Since Π y lies in the range of p-adic local Langlands, we may apply the Colmez's functorV to Π y and obtain a R ∞ -moduleV(Π y ) equipped with an action of G Qp . On the other hand, the composition x : R p → R ∞ y − → E y defines a continuous Galois representation r x : G Qp → GL 2 (E y ). It is expected that the Banach space representation Π y depends only on x (see [CEG + 18] ) and that it should be related to r x by the p-adic local Langlands correspondence (see theorem C below).
Our patched module M ∞ is related to Kisin'sM ∞ as follows. The patching in Kisin's paper is always with fixed Hodge-Tate weights and a fixed inertial type. This information can be encoded by an irreducible locally algebraic representation σ of GL 2 (Z p ) over E. Let R p (σ) be quotient of R p parameterizing the lifts of ρ of type σ. We define R ∞ (σ) = R ∞ ⊗ R p R p (σ) (which is Kisin's patched global deformation ring R ∞ introduced before) and M ∞ (σ
is a finitely generated R ∞ -module with the action of R ∞ factoring through R ∞ (σ). Moreover, an argument using Auslander-Buchsbaum theorem shows that the support of M ∞ (σ • ) is equal to a union of irreducible components of R ∞ (σ). It can be shown that Kisin's patched moduleM ∞ is isomorphic to M ∞ (σ • ). The main theorem in this paper is the following:
Theorem B. Every irreducible component ofR ∞ is contained in the support ofM ∞ .
By the local-global compatibility for the patched module M ∞ , this amounts to showing that if r x is de Rham with distinct Hodge-Tate weights, then (a subspace of) locally algebraic vectors in Π y can be related to WD(r x ) via the classical local Langlands correspondence, where WD(r x ) is the Weil-Deligne representation associated to r x defined by Fontaine. One of the ingredients to show this is a result in [EP18] , which implies that the action of R ∞ on M ∞ is faithful. Note that this does not imply that Π y = 0 since M ∞ is not finitely generated over R ∞ . In [Tun18] , this problem has been overcome by applying Colmez's functorV to M ∞ and showing thať V(M ∞ ) is a finitely generated R ∞ -module. Let us note that a similar finiteness result has been proved in [Pan19] using results of [Paš13] . Our proof is different since results of [Paš13, Paš16] are not available when p = 2 and r has scalar semisimplification.
SinceV(M ∞ ) is a finitely generated R ∞ -module, the specialization ofV(M ∞ ) at any y ∈ m-Spec R ∞ [1/p] is non-zero by Nakayama's lemma, which in turn implies that Π y is nonzero. Combining these and results from p-adic local Langlands, we prove the following: This shows that Kisin's patched moduleM ∞ is supported at every generic point whose associated local Galois representation at place p is absolutely irreducible. So we only have to handle the reducible (thus ordinary) locus, which can be shown to be modular by using an ordinary modularity lifting theorem (c.f. [Ger10, All14b, Sas19, Sas17] ). This finishes the proof of theorem B and gives a new proof of the Breuil-Mézard conjecture by the formalism in [Kis09a, GK14, EG14, Paš15] , which is new in the cases that r is a twist of 1 by itself and p = 2. As a consequence, we prove new cases of Fontaine-Mazur conjecture (i.e. theorem without the local restriction at p). We remark that by using the patching in [Kis09a] , our method applies to the case p > 2 without any change. We focus only on the case p = 2 since this is the only remaining case with a restriction on ρ| Gal(Q p /Qp) .
The paper is organized as follows. We first recall some background knowledge and properties in section 1, 2 and 3 on representation theory, automorphic forms and Galois deformation theory respectively. In section 4, we introduce completed homology and construct the patched module. We relate our patched module to the Breuil-Mézard conjecture in section 5 and to the p-adic Langlands correspondence in section 6 using a faithfulness result in [EP18] . In section 7, we construct some partially ordinary Galois representations by an ordinary R = T theorem. In the last section, we put all these results together and prove our main theorem, and use it to give a new proof of the Breuil-Mézard conjecture and the Fontaine-Mazur conjecture.
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Notations
We fix a prime p, and an algebraic closure Q p of Q p . Throughout the paper, we work with a finite extension E/Q p in Q p , which will be our coefficient field. We write O for the ring of integers in E, ̟ for a uniformizer, k = O/̟ for the residue field. Furthermore, we will assume that E and k is sufficient large in the sense that if we are working with representations of the absolute Galois group of a p-adic field L, then the image of all embeddings L → Q p are contained in E.
If F is a field with a fixed algebraic closure F , then we write G F = Gal(F /F ) for its absolutely Galois group. We write ε : G F → Z × p for the p-adic cyclotomic character, and ω for the mod p cyclotomic character. If F is a finite extension of Q p , we write I F for the inertia subgroup of G F , ̟ F for a uniformizer of the ring of integers O F of F and k F = O F /̟ F its residual field.
If F is a number field and v is a place of F , we let F v be the completion of F at v and A F its ring of adeles. If S is a finite set of places of F , we let A S F denote the resticted tensor product ′ v / ∈S F v . In particular, A ∞ F denotes the ring of finite adeles. For each finite place v of F , we will denote by q v the order of residue field at v, and by ̟ v ∈ F v a uniformizer and Frob v an arithmetic Frobenius element of G Fv .
We let
be the global Artin map, where the local Artin map Art Fv :
Fv is the isomorphism provided by local class field theory, which sends our fixed uniformizer to a geometric Frobenius element.
We will consider locally algebraic character ψ : Let W be a de Rham representation of G Qp over E. We will write HT(W ) for the set of Hodge-Tate weights of W normalized by HT(ε) = {−1}. We say that W is regular if HT(W ) are pairwise distinct. Let Z 2 + denote the set of tuples (λ 1 , λ 2 ) of integers with λ 1 ≥ λ 2 . If W be a 2-dimensional de Rham representation which is regular, then there is a λ = (λ 1 , λ 2 ) ∈ Z 2 + such that HT(W ) = {λ 2 , λ 1 + 1}, and we say that W is regular of weight λ.
For any λ ∈ Z 2 + , we write Ξ λ = Sym λ1−λ2 ⊗ det λ2 for the algebraic Z p -representation of GL 2 with highest weight λ and M λ for the O-representation of GL 2 (O Qp ) obtained by evaluating Ξ λ on Z p .
An inertial type is a representation τ : I Qp → GL 2 (Q p ) with open kernel which extends to the Weil group W Qp . We say a de Rham representation ρ : G Qp → GL 2 (E) has inertial type τ if the restriction to I Qp of the Weil-Deligne representation WD(ρ) associated to ρ is equivalent to τ . Given an inertia type τ , by a result of Henniart in the appendix of [BM02] , there is a (unique if p > 2) finite dimensional smooth irreducible Q p -representation σ(τ ) resp. σ cr (τ ) of GL 2 (Z p ), such that for any infinite dimensional smooth absolutely irreducible representation π of G and the associated Weil-Deligne representation 4 LL(π) attached to π via the classical local Langlands correspondence, we have Hom K (σ(τ ), π) = 0 (resp. Hom K (σ cr (τ ), π) = 0) if and only if LL(π)| I Qp ∼ = τ (resp. LL(π)| I Qp ∼ = τ and the monodromy operator N is trivial). Enlarging E if needed, we may assume σ(τ ) is defined over E. If L be a finite extension of Q p , we let rec for the local Langlands correspondence for GL 2 (L), as defined in [BH06, HT01] . By definition, it is a bijection between the set of isomorphism classes of irreducible admissible representation of GL 2 (L) over C, and the set of Frobenius semi-simple Weil-Deligne representation of W L over C. Fix once and for all an isomorphism ι : Q p ∼ − → C. We define the local Langlands correspondence rec p over Q p by ι • rec p = rec •ι, which depends only on ι −1 ( √ p). If we set r p (π) := rec p (π ⊗ | det | −1/2 ), then r p is independent of the choice of ι. Furthermore, if V is a Frobenius semi-simple Weil-Deligne representation Weil-Deligne representation of W L over E, then r
F −ss ) and π l.alg (r) = π alg (r) ⊗ π sm (r), all of which are E-representations of GL 2 (Q p ).
Recall For R a Noetherian local ring with maximal ideal m and M a finite R-module, let e(M, R) denote the Hilbert-Samuel multiplicity of M with respect to m. We abbreiviate e(R, R) for e(R).
For R a Noetherian ring and M a finite R-module of dimension at most d., let ℓ Rp (M p ) denote the length of the R p -module M p , and let
If M and N are finitely generated R-and S-module of dimension at most d and e respectively, then the complete tensor product M⊗ k N is of dimension d + e. We define
Let (A, m) be a complete local O-algebra with maximal ideal m and residue field k = A/m, we will denote CNL A the category of complete local A-algebra with residue field k.
Preliminaries in representation theory
1.1. Generalities. Let G be a p-adic analytic group, K be a compact open subgroup of G, and Z be the center of G.
Let (A, m A ) ∈ CNL O . We denote by Mod G (A) the category of A[G]-modules and by Mod sm G (A) the full subcategory with objects V such that An E-Banach space representation Π of G is an E-Banach space Π together with a G-action by continuous linear automorphisms such that the inducing map G × Π → Π is continuous. A Banach space representation Π is called unitary if there is a G-invariant norm defining the topology on Π, which is equivalent to the existence of an open bounded G-invariant O-lattice Θ in Π. An unitary E-Banach space representation is admissible if Θ⊗ O k is an admissible smooth representation of G, which is independent of the choice of Θ. We denote Ban adm G,ζ (E) the category of admissible unitary E-Banach space representations on which Z acts by ζ.
Representations of GL
and B be the upper triangular Borel. We recall the classification of the absolutely irreducible smooth k-representations of G with a central character.
By a Serre weight we mean an absolutely irreducible representation of K on an k-vector space. It is of the form σ a := Sym a1−a2 k 2 ⊗ det a2 for a unique a = (a 1 , a 2 ) ∈ Z 2 with a 1 − a 2 ∈ {0, . . . , p − 1} and a 2 ∈ {0, . . . p − 2}. We call such pairs a Serre weights also.
Let σ be a Serre weight. There exists an isomorphism of algebras
for certain Hecke operators T, S ∈ End G (c-Ind σ). It follows from [BL94, Theorem 33] and [Bre03, Theorem 1.6] that the absolutely irreducible smooth k-representations of G with a central character fall into four disjoint classes:
• characters η • det;
• special series Sp ⊗η • det;
• principal series Ind
where the Steinberg representation Sp is defined by the exact sequence
1.2.1. Blocks. Let Irr G,ζ be the set of equivalent classes of smooth irreducible k-representations of G with central character ζ. We write π ↔ π 
where the product is taken over all the blocks B and the objects of Mod
B are representations with all the irreducible subquotients lying in B. Dually we obtain
B are representations with all the dual of irreducible subquotients lying in B. To prove the claim, we construct a non-trivial extension of I(Ind 
Since dim Ext
Since the unique non-split extension of I(1) by itself is given by
gives a desired non-trivial element in Ext 
Proof. The first assertion is due to [Eme10b, Theorem 4.3.12 (2)]. To show the second assertion, consider the exact sequence 
Proof. We first note that when N = 1, E ∼ = E τ for some τ ∈ Hom(Q 
It follows that N can't contain any non-split extension of 1 by itself. Thus we may reduce to the case N = 1 and the assertion is equivalent to showing that the second map in the following exact sequence 
Note that the right square is commutative since there is no extension of Ind 
Proof. The argument in the proof of [Paš10, Lemma A1] reduces the assertion to the case thatV(π ∨ ) is irreducible. We include the argument there for the sake of completeness. We argue by induction on the length l ofV(π ∨ ). Assume that l > 1, then there exists an exact sequence
= 0. SinceV is exact, it induces an exact sequence
, we obtain two long exact sequences, and a map between then induced byV. With the obvious notation, we get a commutative diagram
By induction hypothesis, the first and third vertical maps are bijections, and the fourth and sixth vertical maps are injections. This implies that the second vertical map is an bijection and the fifth vertical map is an injection. The case l = 1 is a consequence of [Paš16, Proposition 2.14] for supersigular blocks and dealt in [Col10, Theorem VII.4.7, Proposition VII.4.13] for principal series blocks. Thus the only remaining case is B = {1, Sp} ⊗ δ • det, where δ :
× is a smooth character. Without loss of generality we may assume that δ = 1. In this case, note that l = 1 implies that π is of the form E N for some N in proposition 1.2.3. Thus the assertion follows from proposition 1.2.3 and proposition 1.2.4.
Automorphic forms on GL
In this section we define the class of automorphic representations whose associated Galois representations we wish to study. Throughout this section, we let F be a totally real field and fix an isomorphism ι :
Hom(F,C) , let Ξ λ denote the irreducible algebraic representation of (GL 2 )
which is the tensor product over κ ∈ Hom(F, C) of irreducible representations of GL 2 with highest weight λ κ . We say that λ ∈ (Z 2 + ) Hom(F,C) is an algebraic weight if it satisfies the parity condition, i.e. λ κ,1 + λ κ,2 is independent of κ.
Definition 2.0.1. We say that a cuspidal automorphic representation π of GL 2 (A F ) is regular algebraic if the infinitesimal character of π ∞ has the same infinitesimal character as Ξ ∨ λ for an algebraic weight λ.
Let π be a regular algebraic cuspidal automorphic representation of GL 2 (A F ) of weight λ. For any place v|p of F and any integer a ≥ 1, let Iw v (a, a) denote the subgroup of GL 2 (O Fv ) of matrices that reduce to an upper triangular matrix modulo ̟ a v . We define the Hecke operator
and the modified Hecke operator
Definition 2.0.2. Let v be a place of F above p. We say that π is ι-ordinary at v, if there is an integer a ≥ 1 and a nonzero vector in (ι
that is an eigenvector for U λ,̟v with an eigenvalue which is a p-adic unit. This definition does not depend on the choice of ̟ v .
The following theorem is due to the work of many people. We refer the reader to [Car86] and [Tay89] for the existance of Galois representations, to [Car86] for part (2) when v ∤ p, to [Sai09] for part (1) and part (2) when v|p, and to [Hid89a, Wil88] for part (3). 
satisfying the following conditions:
(1) For each place v|p of F , ρ π,ι | GF v is de Rham, and for each embedding κ : F → Q p , we have
,
Fv . These conditions characterize ρ π,ι uniquely up to isomorphism. Definition 2.0.4. We call a Galois representation ρ :
Hom(F,C) such that ρ ∼ = ρ π,ι . Moreover, if π is ι-ordinary at a place v|p then we say ρ is ι-ordinary at v.
Galois deformation theory
3.1. Global deformation problems. Let F be a number field and p be a prime. We fix a continuous absolutely irreducible ρ : G F → GL 2 (k) and a continuous character ψ : G F → O × such that ψε lifts det ρ. We fix a finite set S of places of F containing those above p, ∞ and the places at which ρ and ψ are ramified. For each v ∈ S, we fix a ring Λ v ∈ CNL O and define
For each v ∈ S, we denote ρ| GF v by ρ v and write D v : CNL Λv → Sets (resp. D
,ψ v
: CNL Λv → Sets) for the functor associates R ∈ CNL Λv the set of all continuous homomorphisms r : G Fv → GL 2 (R) such that r mod m R = ρ v (resp. and det r agrees with the composition G Fv → O × → R × given by ψε| GF v ), which is represented by an object R v ∈ CNL Λv (resp. R ,ψ v ∈ CNL Λv ).
Definition 3.1.1. Let v ∈ S, a local deformation problem for ρ v is a subfunctor D v ⊂ D v satisfying the following conditions:
We will write ρ v :
Definition 3.1.2. A global deformation problem is a tuple
where
• The object ρ, S and {Λ v } v∈S are defined at the beginning of this section.
• For each v ∈ S, D v is a local deformation problem for ρ v .
be a global deformation problem. Let R ∈ CNL ΛS , and let ρ : G F → GL 2 (R) be a lifting of ρ. We say that ρ is of type S if it satisfies the following conditions:
(1) ρ is unramified outside S.
, where R has a natural Λ v -algebra structure via the homomorphism Λ v → Λ S .
We say that two liftings ρ 1 , ρ 2 : G F → GL 2 (R) are strictly equivalent if there exists a ∈ ker(GL 2 (R) → GL 2 (k)) such that ρ 2 = aρ 1 a −1 . It's easy to see that strictly equivalence preserves the property of being type S.
We write D S for the functor CNL ΛS → Sets which associates to R ∈ CNL ΛS the set of liftings ρ : G F → GL 2 (R) which are of type S, and write D S for the functor CNL ΛS → Sets which associates to R ∈ CNL ΛS the set of strictly equivalence classes of liftings of type S.
Definition 3.1.4. If T ⊂ S and R ∈ CNL ΛS , then a T -framed lifting of ρ to R is a tuple (ρ, {α v } v∈T ), where ρ is a lifting of ρ, and for each v ∈ T , α v is an element of ker(
We write D T S for the functor CNL ΛS → Sets which associates to R ∈ CNL ΛS the set of strictly equivalence classes of T -framed liftings (ρ, {α v } v∈T ) to R such that ρ is of type S. Similarly, we may consider liftings of type S with determinant ψε, which we denote the corresponding functor by 
Proof. Note that the centralizer in id 2 + M 2 (m RS ) of ρ S is the scalar matrices, Thus the T -framed lifting over R S⊗O T given by the tuple (ρ S , {id 2 + (X v,i,j )} v∈T ) is a universal framed deformation of r over R S⊗O T . This shows that the induced map R
be a global deformation problem and denote R v ∈ CNL Λv the representing object of D v for each v ∈ S. We write A T S =⊗ v∈T,O R v for the complete tensor product of R v over O for each v ∈ T , which has a canonical Λ T :=⊗ v∈T,O Λ v algebra structure. The natural transformation (ρ,
Moreover, lemma 3.1.6 allows us to consider R S as an A T S algebra via the map A
Proposition 3.1.7. Let S be a global deformation problem as before and F ′ be a finite Galois extension of F . Suppose that
-for each w|v, Λ w = Λ v and D w is a local deformation problem equipped with a natural map
Then the natural map R
It follows from [KW09a, Lemma 3.6] and Nakayama's lemma that it is enough to show the image of
and it gets mapped to the finite subgroup ρ(G F ′ ,S ′ ), we are done.
3.2. Local deformation problems. In this section, we define some local deformation problems we will use later.
3.2.1. Ordinary deformations. In this section we define ordinary deformations following [All14b, Section 1.4].
Suppose that v|p and that E contains the image of all embeddings F v ֒→ Q p . We will assume throughout this subsection that there is some line L in ρ v that is stable by the action of G Fv . Let η denote the character of G Fv giving the action on L. Note that the choice of η is unique unless ρ v is the direct sum of two distinct characters. In this case we simply make a choice of one of these characters.
We write O Let P 1 be the projective line over O. We denote L ∆ the subfunctor of
, whose A-points for any O-algebra A consist of an O-algebra homomorphism R ,ψ v → A and a line L ∈ P 1 (A) such that the filtration is preserved by the action of G Fv on A 2 induced from ρ v and such that the action of G Fv on L is given by pushing forward ψ univ . This subfunctor is represented by a closed subscheme (c.f. [All14b, Lemma 1.4.2]), which we denote by L ∆ also. We define R ∆ v to be the maximal reduced, O-torsion free quotient of the image of the map R 
(2) Assume the image ofρ| GF v is either trivial or has order p, and that if p = 2, then either F v contains a primitive fourth roots of unity or 
Potentially semi-stable deformations.
Suppose that v|p and that E contains the image of all embeddings 
) if and only if the corresponding Galois representation
Proof. This is due to [Kis08] (see also [All14a, Corollary 1.3.5]).
In the case that R 
be a continuous representation. We say ρ is ordinary of weight λ v if there is an isomorphism
, 
Proof. The first assertion is due to [Ger10, Lemma 3.3.2]. For the second assertion, consider the following
given by η, L λv ,τv is the closed subscheme of
2 on which I Fv acts via the character η composed with Art Fv , and L is the closed subscheme of P 1 R 
v if and only if the corresponding Galois representation is odd. Moreover,
We write D 
(2) Suppose that moreover neither x nor y lie on any other irreducible component of Spec R
Proof. In this case, we write D
× be a lifting of det r. We write R r (resp. R ψ r ) for the universal lifting ring of r (resp. universal lifting ring of r with determinant ψ). Denote R ψ the universal deformation ring of ψ := det r. Proof. This is proved in [Che09, Proposition 4.1] when r absolutely irreducible or reducible indecomposable with non-scalar semi-simplification. Assume that r is split reducible with non-scalar semisimplification (i.e. r ∼ = (χ 1 0 0χ2 ) withχ 1χ
, where R ver is the versal deformation ring of r, R ps is the pseudo deformation ring of (the pseudo-character associated to) r, and c ∈ R ps is the element generating the reducibility ideal. Since R ps is isomorphic to the universal deformation ring of r ′ = (χ 1 * 0χ2 ) with * = 0 by [Paš17, Proposition 3.6] and xy − c is irreducible in R ps x, y , it follows that the irreducible components of Spec R ver are in bijection with the irreducible components of Spec R ψ . This implies the theorem since R r is formally smooth over R ver [KW09b, Proposition 2.1]. For r reducible with scalar semi-simplification, this is due to [CDP15, Theorem 9 .4] when r is split and [Bab15, Satz 5.4] when r is non-split.
We will write R 1 for the universal deformation ring of the trivial character 1 : G Q2 → k × and 1 univ : G Q2 → R × 1 for its universal deformation. Note that the map χ → χψ with χ any lifting of 1 induces an isomorphism
, which has two irreducible components determined by χ(Art Q2 (−1)) ∈ {±1}. It follows that two points x and y of Spec R r lie in the same irreducible component if and only if the associated liftings r x and r y satisfying det r x (Art Q2 (−1) = det r y (Art Q2 (−1)). We denote R sign r the the complete local noetherian O-algebra pro-represents the functor sending R ∈ CNL O to the set of liftings r of r to R such that det r(Art Q2 (−1)) = ψ(Art Q2 (−1)). Thus Spec R sign r is an irreducible component of Spec R r . Proof. Following the proof of [All14a, Proposition 1.1.11], we consider the following cartesian product
where s is given by the functor representing χ → χ 2 and δ is given by the functor representing r → ψ −1 det r. It follows that the points of Spec R sign r × Spec R1 Spec R 1 are given by pairs (r, χ) with r a framed deformation of r and χ a lifting of 1 satisfying det r = ψχ 2 . Thus the map (r, χ)
Note that the morphism s is given by x → (1 + x) 2 − 1, y → (1 + y) 2 − 1, z → 0, which is finite and becomeétale after inverting 2. The assertion follows from base change.
Remark 3.3.5. Note that the map (r, χ) → r ⊗ χ defines a morphism Spec(R ψ r⊗ O R 1 ) → Spec R r for all p, which is an isomorphism if p > 2 (by Hensel's lemma) and has image in Spec R sign r if p = 2 (since det(r ⊗ χ)(Art Q2 (−1)) = det r(Art Q2 (−1)) = ψ(Art Q2 (−1))).
The patching argument
In this section, we first introduce completed cohomology for quaternionic forms and then patch completed cohomology following [CEG + 16, GN16] . In the rest of the paper we assume p = 2.
4.1. Quaternionic forms and completed cohomology. Let F be a totally real field and D be a quaternion algebra with center F , which is ramified at all infinite places and at a set of finite places Σ, which does not contain any primes dividing p. We will write Σ p = Σ ∪ {v|p}. We fix a maximal order O D of D, and for each finite places
For each finite place v of F , we will denote by N(v) the order of the residue field at v, and by ̟ v ∈ F v a uniformizer.
Denote by A ∞ F ⊂ A F the finite adeles and adeles respectively. Let
× and a finite index I. We say U is sufficiently small if it satisfies the following condition:
For example, U is sufficiently small if for some place v of F , at which D splits and not dividing 2M with M being the integer defined in [Paš16, Lemma 3.1], U v is the pro-v Iwahori subgroup (i.e. the subgroup whose reduction modulo ̟ v are the upper triangular unipotent matrices). We will assume this is the case from now on and denote the place by v 1 .
If A is a topological O-algebra, we let S(U p , A) be the space of continuous functions
It follows from (4.1.1) that there is an isomorphism of A-modules
where C denotes the space of continuous functions.
× . The isomorphism (4.1.2) induces an isomorphism of U p -representations:
where C ψ denotes the continuous functions on which the center acts by the character ψ. One may think of S ψ (U p , A) as the space of algebraic automorphic forms on D × with tame level U p and no restrictions on the level or weight at spaces dividing p.
Let σ be a continuous representation of U p on a free O-module of finite rank, such that (A ∞ F ) × ∩ U p acts on σ by the restriction of ψ to this group. We let
We will omit σ as an index if it is the trivial representation. If the topology on A is discrete (e.g.
where U p runs through compact open subgroup of K p . The action of G p on S ψ (U p , A) by right translations is continuous. The module S ψ (U p , A) is naturally equipped with an A-linear action of
, which extends the K p -action. To be precisely, for g ∈ G p , right multiplication by g induces an map ·g :
Proof. This follows from (4.1.4).
Let S p be the set of places of F above p, S ∞ be the set of places of F above ∞, and let S be a union of the places containing Σ p , S ∞ , and all the places v of F such that
We will assume that for v ∈ W , U v ⊂ GL 2 (O Fv ) is contained in the Iwahori subgroup and contains the pro-v Iwahori subgroup.
We denote 
F ) as follows:
Definition 4.2.1. We define the completed homology groups M ψ (U p ) by
Following from the definition, there is a natural G p -equivariant homeomorphism
Proof. Note that we have natural G p -equivariant homeomorphism
by definition. Thus the corollary follows from lemma 4.1.1.
to be the image of the abstract Hecke algebra
Definition 4.2.3. We define the big Hecke algebra
where the limit is over compact open normal subgroups U p of K p and s ∈ Z ≥1 , and the surjective transition maps come from
We equip T S ψ (U p ) with the inverse limit topology. It follows from the definition that the action of 
Proof. This is indeed [GN16, Lemma 2.1.14]. It suffices to prove when U
induces a bijection of maximal ideals.
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Let m be a maximal ideal of the artinian ring
The p-group U p /U ′ p acts naturally on this k-vector space, hence has a non-zero fixed vector, which belong to
If ρ m is absolutely reducible, we say that the maximal ideal m is Eisenstein; otherwise, we say that m is non-Eisenstein.
We define a global deformation problem
. Moreover, ρ m is of type S and has determinant ψε.
Proof. By the proof of lemma 4.2.4, the surjective map
induces bijection of maximal ideals for U p small enough. By taking projective limit, it suffices to show that there exist continuous homomorphism ρ m,Up,s :
satisfying the same conditions as in the statement, which follows from the well-known assertion for (ii) ρ is unramified at all finite places v ∤ p; (iii) ρ(Frob v1 ) has distinct eigenvalues.
In application to the modularity lifting theorem, assumption (ii) is satisfied after a solvable base change. The following lemma will allow us to reduce to situations where (iii) holds. Proof. By Dickson's theorem, the projective image of ρ is conjugate to PGL 2 (F 2 r ) for some r > 1, which contains elements with distinct Frobenius eigenvalues e.g. ( 1 1  1 0 ) . Thus by Chebotarev density theorem, there are infinite many places v of F with distinct Frobenius eigenvalues. This proves the lemma. Definition 4.3.2. Let L be a finite extension of Q p . Given a continuous representation r : G L → GL 2 (k), we will say that r has a suitable globalization if there is a totally real field F and a continuous representation ρ : G F → GL 2 (k) satisfying the properties (i) − (iii) above and moreover,
• there exists a regular algebraic cuspidal automorphic representation π of GL 2 (A F ) of weight (0, 0) Hom(F,C) and level prime to p satisfying ρ π,ι ∼ = ρ.
Given a suitable globalization of r, we set S = S p ∪ S ∞ ∪ {v 1 }, Σ = ∅, D the quaternion algebra with center F which is ramified exactly at S ∞ , and U p as in section 4.2. Let ψ : G F,S → O × be the totally even finite order character such that det ρ π,ι = ψε and view ψ as a character of (A It is proved in [Sno09, Proposition 8.2.1] that when p is odd, there is a finite Galois extension F ′ /F in which all places above p split completely such that ρ| G F ′ is modular. This assumption can be removed using the proof [KW09b, Theorem 6.1], which shows the existance of points for some Hilbert-Blumenthal Abelian varieties with values in local fields when p = 2.
The following lemma says we may change the weight of a globalization ρ when p splits completely in F . 
Proof. It is proved in [Paš16, Lemma 3.29] that if ρ is automorphic, then it is automorphic of weight (0, 0)
Hom(F,C) and semi-stable at each v|p. The assertion (2) follows from [KW09b, Lemma 3.5], which proves that for a continuous representation r : G Qp → GL 2 (E),
• if r is crystalline of weight (0, 0), then it is ordinary if and only if residually it is ordinary;
• if r is semi-stable non-crystalline of weight (0, 0), then it is ordinary. This finishes the proof. 4.4. Auxiliary primes. Let Q be a set of places disjoint from S, such that for each v ∈ Q, q v ≡ 1 mod p and ρ(Frob v ) has distinct eigenvalues. For each v ∈ Q, we fix a choice of eigenvalue α v . We refer to the tuple (Q, {α v } v∈Q ) as a Taylor-Wiles datum, and define the augmented deformation problem 4.4.1. Action of Θ Q . If Q is a finite set of finite primes of F disjoint from S, we denote by Θ Q the Galois group of the maximal abelian 2-extension of F which is unramified outside Q and in which every prime in S splits completely. Let Θ * Q be the formal group scheme defined over O whose A-valued points is given by the group Hom(Θ Q , A) of continuous characters on Θ Q that reduce to the trivial character modulo m A .
It follows that Spf R SQ (resp. Spf R T SQ ) has a natural action by Θ * Q given by χ A × V A → V A ⊗ χ A on A-valued points, which is free if ρ has non-solvable image [KW09b, Lemma 5.1]. Moreover, there is a Θ * Q -equivariant map
where Θ * Q acts on itself via the square of the identity map, and Spf R T,ψ 
In particular, U 1 (Q) v contains the pro-v Iwahori subgroup of U 0 (Q) v , so we may identify
Let m Q denote the ideal of T S∪Q generated by m∩T S∪Q and the elements U ̟v −α v for v ∈ Q, whereα v is an arbitrary lift of α v . We denote by 
(3) There is a deformation
of ρ which is of type S Q and has determinant ψε. In particular,
The following proposition is an immediate consequence of (3). 
In particular, ρ m,Q is of type S Q and has determinant ψε. 2] be a character of G Q of order 2. As χ is split at infinite places, we can regard χ also as a character (A
It follows that we have an O[∆ Q ]-algebra surjection
which also lies in S ψ (U 
We let (Q N , {α v } v∈QN ) be a choice of Taylor-Wiles datum for each N ≫ 0 and T = S be the subset as in lemma 4.4.1. Choose v 0 ∈ S, and let T = O X v,i,j v∈S,1≤i,j≤2 /(X v0,1,1 ). By lemma 3.1.6, there is a canonical isomorphism R t , whereĜ m denotes the completion of the O-group scheme G m along the identity section. We define
∞ is equipped with a free action of (Ĝ m ) t , and a (
t , where (Ĝ m ) t acts on itself by the square of the identity map.
• R ∞ by Spf R ∞ = δ −1 (1) and R 
From the definition, it follows that M (U p , J, N ) satisfying the following properties:
• We have a map J, N ) ). In particular, for all J and N ∈ I J we have a ring homomorphism
which factors through our chosen quotient map R ∞ → R S,ψ SQ N and the maps (4.6.1), (4.6.2). Moreover, it is Θ *
).
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We have the following properties:
• Each ring R(d, J, N ) is a finite commutative local O ∞ /J-algebra, equipped with a surjective O-algebra homomorphism R ∞ ։ R(d, J, N ).
• For d sufficiently large, the map R ∞ → End O∞/J (M (U p , J, N )) factors through R(d, J, N ).
• We have an isomorphism
• For all open ideals J ′ ⊂ J and open normal subgroups
• Let K 1 be the pro-p Sylow subgroup of K p and let U p be an open normal subgroup of K 1 . Then {M (U p , J, N )} N ∈IJ is a set of projective objects in the category of
We fix a non-principal ultrafilter F on the set N.
Definition 4.6.3. Let x ∈ Spec (O ∞ /J) IJ corresponding to F. We define
We have the following
factors through R(d, J, ∞) and the map (4.6.5)
is an O ∞ -algebra homomorphism. Moreover, both (4.6.4) and (4.6.5) are Θ *
is surjective, and induce an isomorphism (4.6.7)
• Let U p be an open normal subgroup of
.
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Definition 4.6.4. We define an O ∞ K -module
We claim the following hold.
• M ∞ is endowed with an action of R ∞ via the map α :
Since α contains the image of O ∞ , α(R ∞ ) is naturally an O ∞ -algebra. Since O ∞ is formally smooth, we can choose a lift of the map O ∞ → α(R ∞ ) to a map O ∞ → R ∞ . We make such a choice, and regard R ∞ as an O ∞ -algebra and α as an O ∞ -algebra homomorphism.
• The module M ∞ is naturally equipped with an O ∞ -linear action of G p , which extends the K paction coming from the O ∞ K p structure. To be precisely, for g ∈ G p , right multiplication by g induces an map
As U p runs through the cofinal subset of open subgroups of K p with g −1 U p g ⊂ K p , the subgroups g −1 U p g also runs through a cofinal subset of open subgroups of K p , so we may identify lim ← −J,Up M (g −1 U p g, J, ∞) with M ∞ . Taking the inverse limit over J and U ∞ gives the action of g
Proposition 4.6.5.
( where I p is the pro-p Iwahori subgroup of G p and J is an index set. Given the claim, we see that 
1) For all open ideals J and open compact subgroups
. This shows that M is ̟-torsion free. Note that for every N in Mod Kp,ζ (R). It follows that there is a morphism P → M lifting P ։ M/̟M . This morphism is surjective by Nakayama's lemma for compact modules (P/̟P ∼ = M/̟M ). Denote K to be the kernel of this morphism, we have K/̟K = 0 because P/̟P ∼ = M/̟M and 0 → K/̟K → P/̟P → M/̟M is exact (5-lemma). This implies K = 0 (by the Nakayama's lemma for compact modules) and thus M ∼ = P . The second equivalence is because I p is the pro-p Sylow subgroup of K p . Since ζ mod ̟ is trivial on I p /I p ∩Z p , M/̟M is a compact module over R/̟ I p /I p ∩Z p and the third equivalence follows from the fact that a compact R/̟ I p /I p ∩ Z p -module is projective if and only if it is pro-free (because R/̟ I p /I p ∩ Z p is local, projectivity coincides with freeness). This proves the proposition. 
There is a surjective map Proof. Note that we have a isomorphism (4.6.3). To prove the first part, it suffices to show that we have an isomorphism
which follows from [GN16, Lemma A.33] (see also [CEG + 16, Corollary 2.11]). The second part is an immediate consequence of isomorphism (4.6.6).
Patching and Breuil-Mézard conjecture
In this section, we assume that p (= 2) splits completely in F . In particular, F v ∼ = Q p for all v|2. Let r : G Qp → GL 2 (k) be a continuous representation. We note that all the results in this section can be extended to arbitrary prime p and general totally real field F (by a similar method as in [EG14] ), we restrict ourself to this particular case since it is sufficient for our purpose.
Local results.
5.1.1. Locally algebraic type. Fix a Hodge type λ, and inertia type τ , and a continuous character ψ :
, where σ(λ) = σ(λ) = M λ ⊗ O E and σ(τ ) be the smooth type corresponding to τ . Since σ(λ, τ ) is a finite dimensional E-vector space and K is compact and the action of K on σ(λ, τ ) is continuous, there is a K-stable
is a smooth finite length k-representation of K, we will denote by σ(λ, τ ) its semi-simplification. One may show that σ(λ, τ ) does not depends on the choice of a lattice. The same assertion holds for
A locally algebraic type σ is an absolutely irreducible representation of GL 2 (Q p ) of the form σ(λ, τ ) or σ cr (λ, τ ) for some inertial type τ and Hodge type λ. We say that a continuous representation r : G Qp → GL 2 (E) has type σ = σ(λ, τ ) (resp. σ cr (λ, τ )) if it is potentially semi-stable (resp. potentially crystalline) of inertial type τ and Hodge type λ. Denote R ψ r (σ) the local universal lifting ring of type σ and determinant ψε for r.
If x is a point of Spec R ψ r (σ)[1/p] with residue field E x , we denote by r x : G Qp → GL 2 (E x ) the lifting of r given by x. We define the locally algebraic G-representation π l.alg (r x ) = π sm (r x )⊗ Ex π alg (r x ). Note that H(σ) := End G (c-Ind G K (σ)) acts via a character on the one-dimensional space Hom GL2(Zp) (σ, π l.alg (r x )). Theorem 5.1.1. There is an E-algebra homomorphism There is also a geometric version of the Breuil-Mézard conjecture due to [EG14] . 
5.2.
Local-global compatibility. We now return to the global setting in section 4.6.
Actions of Hecke algebras. Let σ be a representation of
where the first isomorphism is induced by Schkhof duality and the second isomorphism is given by Frobenius reciprocity. In particular, M ∞ (σ • ) is a O-torsion free, profinite, linearly topological O-module.
Local-global compatibility.
We say a representation σ of K p is a locally algebraic type if σ = ⊗ v|p σ v , where
(1) There are a 1 , · · · , a t ∈ m ∞ such that a 1 )) . 
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(1) The action of 
In particular, dim R S,ψ
Proof. See [Paš16, Corollary 3.16].
We define a global Serre weight to be an absolutely irreducible mod p representations of
It is of the form σ a = ⊗σ av with σ av a Serre weight of GL 2 (O Fv ) and K p acting on σ a by reduction modulo p.
which is an R ∞ /̟-module. We set
For each v|p, we write (
which is locally free of rank 1 over the smooth locus of its support. 
Proof. Given lemma 5.3.2, the proof of [EG14, Theorem 5.5.2] works verbatimly.
5.4.
The support at v 1 . Let σ be a locally algebraic type for
Proof. By assumption and proposition 5.
Choose a finite solvable totally real extension F ′ of F such that
∞ is the set of places of F above ∞, and Σ ′ is the set of places of F ′ lying above Σ. Consider the following global deformation problems
We claim that R ψ R ′ is a finite O-algebra. Given this, since the morphism
R is finite by proposition 3.1.7, R ψ R is a finite O-module. On the other hand, R ψ R has a Q p -point since it has Krull dimension at least 1 by proposition 5.3.1. This gives a lifting ρ of ρ of type R. Since ρ| G F ′ lies in the automorphic component defined by C restricted to F ′ , we obtain that ρ is automorphic by solvable base change. It follows that ρ gives a point onC and the theorem is proved.
To prove the claim, we denote M ′ ∞ the patched module constructed in the same way as M ∞ replacing F with F ′ , S with S ′ and v 1 with w 1 , which is endowed with an O ′ ∞ -linear action R ′ ∞ . Note that by our assumption, the local deformation problem at v 1 (resp. w 1 ) of S (resp. S ′ ) is the Taylor-Wiles deformation in section 3.2.9 and thus each irreducible component of R v1 (resp. R w1 ) can be realized by the level (pro-v 1 Iwahori) we choose in the patching process.
Write a ′ for the ideal of O ′ ∞ defined by its formal variables, S ′ for corresponding global deformation problem (as in section 4.2) and σ ′ for the locally algebraic type defined by σ restricting to
.2 (3) and the irreducibility of Spec
is a finite O-algebra by the same reason as in the proof of lemma 5.3.2.
Patching and p-adic local Langlands correspondence
Throughout this section, we will use freely the notations in section 4 and section 5. We fix a place p of F lying above p(= 2). Let
, T be the subgroup of diagonal matrices in G, and T 0 be the subgroup of diagonal matrices in K.
Patching and
where R v is the local deformation ring at v defined by the global deformation problem S in section 4.2. Definẽ
which is free overR
Remark 6.1.1. The assumption is satisfied when ρ admits an automorphic lift ρ whose associated local Galois representation ρ| GF v lies on C v for each v ∈ S p − {p}, ρ| GF v is of Steinberg type for each v ∈ Σ and is unramified away from S since the corresponding automorphic form is a specialization ofM ∞ .
The following proposition is a direct consequence of proposition 4.6.5 (3). Proof. 
, both of which are equipped with anÃ
and thus onÑ ∞ diagonally, which commutes with the action ofÃ
Proof. Using the decomposition Proof. The proof of [BHS17, Proposition 3.11], which shows that the weight map ω X is locally finite, works verbatim in our setting. Thus the dimension of X tri ∞ is equal to the dimension of W ∞ , which is given by
Let ι be an automorphism ofT given by
which induces an isomorphism of rigid spaces
and thus a morphism of reduced rigid spaces over E: Proof. This follows immediately from proposition 6.2.1.
As a result, we may apply Colmez's functorV toM ∞ and obtain anR ∞ G Qp -moduleV(M ∞ ).
Proof. Using proposition 1.3.2, the proof of [Tun18, Proposition 3.4] works without any change.
Let σ be a locally algebraic type for G. We defineR
, which satisfies a similar local-global compatibility as in section 5.2.
is the Galois representation lifting r induced by the natural map R given by r → ψ −1 det r, which are compatible by the following commutative diagram
where s is the map induced by χ → χ 2 . Denote ι : R 1 → O the homomorphism given by the trivial lifting of 1. It induces the following commutative diagram
and thus anR ∞ -module isomorphism V ⊗ R1,ι O ∼ =V(M∞) (for both R 1 -actions because ι ∼ = ι • s).
Denote I the kernel of the homomorphismÃ ∞ →R ∞ induced by ι. Since V is finite overÃ ∞ (V is finite overR ∞⊗O R 1 by corollary 6.3.4 andR ∞⊗O R 1 is finite overÃ ∞ by proposition 3.3.4), we see thať l.alg ∼ = π l.alg (r x ). Suppose that r x is potentially semi-stable of type σ with π sm (r x ) generic. Then we obtain that n = 1 and y lies in the support ofM ∞ (σ 
which implies that y lies in the support ofM ∞ (det a ⊗η • det) (i.e. r x is crystalline with Hodge-Tate weights (a, a + 1) up to a twist) and n = 1 by the same reason above.
These proves the first assertion since such points (potentially semi-stable of some type σ with π sm (r x ) generic) are dense in the support ofM ∞ and the second assertion follows immediately from proposition 6.3.5. 
Proof. SinceV(Π y ) ∼ = r x by theorem 6.3.7, it follows thať 
Patching argument: ordinary case
The goal of this section is to construct automorphic points on some partial ordinary irreducible components of R ∞ (σ). We will follow the strategy in [All14b, Tho15, Sas19, Sas17] 
Proof. See [Hid89b, Section 1].
7.1. Partial Hida families. Let S ⊃ S p ∪ S ∞ ∪ Σ ∪ {v 1 } be a set defined as section 4.1. Let P ⊂ S p be a subset. For each v ∈ S p − P , we fix a locally algebraic type σ v compatible with ψ. Define the open compact subgroup U (b, c) .
If b = 1, we write Λ P for Λ 1 P . We write T ord S,P for the polynomial algebra over Λ P [∆ v1 ] in the indeterminates T v , S v for v / ∈ S and the indeterminates U ̟v for v ∈ P ∪ {v 1 }. Define a T ord S,P -module structure on S σ P ,ψ (U (b, c) , O) by letting Λ P [∆ v1 ] act via diamond operators and T v , S v , U ̟v act as usual. Since for v ∈ P the operators U ̟v and α commutes with all inclusions We now define the partial Hida family. By Lemma 7.0.1, for c ′ ≥ c the natural maps
commute with the action of the Hecke operator U P and α , α ∈ O
which is naturally a Λ P -module.
Proposition 7.1.3.
(1) For every s, c ≥ 1, there is an isomorphism
(2) For every c ≥ 1, the Λ 
For each i, T 
m is absolutely reducible, we say that the maximal ideal m is Eisenstein; otherwise, we say that m is non-Eisenstein.
Suppose that m is non-Eisenstein. For each v ∈ S p − P , let λ v and τ v be the Hodge type and inerital type given by σ v . We define a global deformation problem
where D 
such that It follows that the induced map (R Let Σ be a finite subset of places of F not containing those above p and let Σ p = Σ ∪ {v|p}. Given a subset P of {v|p} such that ρ| GF v is reducible, and an ordinary lift ρ v of ρ| GF v for each v ∈ P .
Assume that there is a regular algebraic cuspidal automorphic representation π of GL 2 (A F ) such that
• ρ π,ι ∼ = ρ; • det ρ π,ι | GF v = det ρ v for each v ∈ P ; • π v is unramified outside Σ p and is special at Σ; • π is ι-ordinary at v ∈ P .
Then there is an automorphic lift ρ : G F → GL 2 (O) of ρ such that Proof. This theorem is a variant of [Tho12, Theorem 10.2]. Let ψ = ε −1 det ρ π,ι . Choose a finite solvable totally real extension F ′ of F such that
• [F ′ : Q] is even;
• F ′ is linearly disjoint form F ker ρ (ζ p );
• ρ π,ι | G F ′ is ramified at an even number of places outside p;
• for every place w of F ′ lying above P , the image of ρ| G F ′ w is either trivial or has order p, and that either F Let D be the quaternion algebra with center F ′ ramified exactly at all infinite places and all w lying above Σ. Choose w 1 to be a place not in Σ such that v 1 ∤ 2M p and Frob v1 has distinct eigenvalues. Fix a place v 1 of F dividing w 1 . Let S = S p ∪ S ∞ ∪ Σ ∪ {v 1 } and S ′ = S ′ p ∪ S ′ ∞ ∪ Σ ′ ∪ {w 1 }, where S p (resp. S ′ p ) is the set of places of F (resp. F ′ ) dividing p, S ∞ (resp. S ′ ∞ ) is the set of places of F (resp. F ′ ) above ∞, and Σ ′ is the set of places of F ′ lying above Σ. Denote P ′ the set of places of F ′ lying above P and U Let λ v and τ v be the type given by ρ v if v ∈ P (resp. ρ π,ι if v ∈ S p − P ) and let C v be an irreducible component of the potentially semi-stable deformation ring containing ρ v if v ∈ P (resp. ρ π,ι if v ∈ S p −P ). Define λ w , τ w , C w similarly for w ∈ S On the other hand, R ψ R has a Q p -point since it has Krull dimension at least 1 by proposition 5.3.1. This gives the desired lifting ρ of ρ. It remains to show that ρ is automorphic, which follows from the automorphy of ρ| G F ′ and solvable base change. given by an automorphic lift of ρ (which exists by assumption and can be chosen to be ordinary of weight (0, 0) Hom(F,Q p ) if ρ v is reducible).
Fix a place p of F above 2. We claim that the support of M ∞ (σ • ) ⊗ Zp Q p meets the irreducible component of R ∞ (σ)[1/p] defined by C p and C ′ v for v ∈ S p − {p}. In the case C p is ordinary, this follows from theorem 7.3.1, otherwise this is due to theorem 6.3.7. Repeating the argument for each place v|p, we obtain a point lying on C. This proves the theorem.
Due to the equivalent conditions in theorem 5.3.3 and lemma 4.3.3, we obtain the following: Proof. Let ψ = ε −1 det ρ. By solvable base change, it is enough to prove the assertion for the restriction of ρ to G F ′ , where F ′ is a totally real solvable extension of F . Moreover, we can choose F ′ satisfying
• [F ′ : Q] is even.
• F ′ is linearly disjoint form F ker ρ (ζ p ) and splits completely at p.
• ρ| G F ′ is unramified outside p.
• If ρ is ramified at v = p, then the image of inertia is unipotent.
• ρ is ramified at an even number of places outside p.
Let Σ be the set of places outside p such that ρ| G F ′ is ramified. If v ∈ Σ, then
where γ v is an unramified character such that γ By theorem 8.0.1 and lemma 5.3.2 (3) with σ the locally algebraic type associated to ρ| G F ′ , we see that ρ| G F ′ is automorphic and thus proves the theorem.
